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Abstract

We propose the Monge Inception Distance (MIND), a metric for evaluating genera-
tive models that addresses key limitations of the widely adopted Fréchet Inception
Distance (FID). The MIND metric leverages the sliced Wasserstein distance to
compare distributions by averaging one-dimensional optimal transport distances,
efficiently computed via sorting. This approach circumvents the estimation of high-
dimensional means and covariance matrices, which underlie FID’s poor sample
complexity and vulnerability to adversarial attacks. We empirically demonstrate
three primary advantages: (i) it is more sample-efficient by one order of magnitude,
(i1) it is faster to compute by two orders of magnitude, (iii) it is more robust to
adversarial attacks such as moment-matching. We show that MIND with Sk samples
can replace the evaluation performance of FID with 50k samples, providing high
correlation with this standard benchmark and superior discriminative performance.
We further demonstrate that even smaller sample sizes (e.g., 1k or 2k) remain
highly informative for rapid model iteration.

~step FIDsi FIDiox FiDasi FIDsox MINDyc MINDc MINDsg
. \ | \ . h . 1.000

FIDso«
MIND; ¢

—step

0.882 0.889 0.888

0.797 0.873 0.875

0.975

{Uirit) 0.902 0.897

0.950

- 0.797 1.000
0.925

- 0.873 0.952
-0.900

- 0.875 0.947

FIDsox  FIDysi  FIDyox  FIDsi
i

-0.875

- 0.882 0.925
-0.850

- 0.889 0.929
-0.825

MINDs; MINDy MINDy

- 0.888 0.938
-0.800

0.0 0.5 1.0 15 2.0 25 3.0
step 1e6

Figure 1: (Left) MIND metric during a diffusion model training run on ImageNet-64 (log scale),
illustrating how MIND5; can be used to replace FIDs5qy, with a larger range - see Section 4.3. (Right)
Correlation with number of training steps - better for MIND;;, and MINDsj than FID with 50k samples.

1 Introduction

Generative models, especially diffusion models (Ho et al., 2020), have set new standards in high-
quality data synthesis. This progress has spurred innovation across numerous fields, from creative
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arts to scientific simulation. However, as models grow in complexity, the metrics used to evaluate
them have struggled to keep pace (Stein et al., 2023). The de facto standard, the Fréchet Inception
Distance (FID) (Heusel et al., 2017) is based on a Gaussian approximation of pre-trained network
embeddings, such as the Inception-v3 model (Salimans et al., 2016).

This metric relies on estimating high-dimensional mean and covariance matrices from inception
embeddings. However, this sample-heavy approach typically requires 50k samples (Chong and
Forsyth, 2020), creating a significant development bottleneck. Furthermore, because FID only
considers the first two moments of the distributions, it is not a true distance metric and is vulnerable
to adversarial "hacking" without corresponding visual improvements (Sajjadi et al., 2018).

In this work, we introduce the Monge Inception Distance (MIND) addressing these limitations. Based
on optimal transport theory and named in honor of Gaspard Monge, who introduced the optimal
transport problem (Monge, 1781), MIND leverages the sliced Wasserstein distance (Rabin et al.,
2011). Instead of relying on Gaussian simplification as in FID, MIND reduces the complexity of
high-dimensional optimal transport comparison by averaging many one-dimensional projections,
where the transport problem is solved exactly via a simple, parallelizable sorting operation. This
captures finer distributional details without the statistical instability inherent in high-dimensional
matrix estimation - see (Villani, 2008; Peyré and Cuturi, 2019) for a modern perspective on optimal
transport theory and applications.

We highlight that this approach yields stable, high-quality evaluation using only 5k samples — an order
of magnitude fewer than FID — while offering 100x faster computation and increased robustness
to adversarial moment-matching. We statistically validate the performance of MIND across various
hypothesis testing problems at different sample sizes. Finally, while we present our results using
Inception-v3 embeddings to facilitate a direct comparison with the current FID benchmark, the MIND
metric is fundamentally embedding-agnostic. It is modality-independent and can be seamlessly
applied to any representation space, including CLIP (Radford et al., 2021), DINO (Oquab et al., 2024;
Siméoni et al., 2025), or specialized embeddings for audio and video synthesis.

Main contributions. In this work, we introduce MIND, a metric for improved evaluation of generative
models. We demonstrate the following advantages of this metric:

- Sample Efficiency: We show that MINDs; provides a stable evaluation that correlates highly with
FID50, enabling reliable benchmarking with 10x fewer samples.

- Computational Speed and Memory Efficiency: Due to its reliance on 1D sorting rather than
high-dimensional matrix operations, MIND is over 100x faster to compute, and requires 10x less
memory, facilitating real-time evaluation during training.

- Metric Robustness: Since MIND is derived from a proper distance, we show that it is significantly
more resistant to "metric hacking" via moment-matching attacks that can artificially lower FID.

- Discriminative Power: Our experiments show that MIND more reliably distinguishes between
model checkpoints and identifies subtle image perturbations at low sample sizes.

2 Generative model evaluations

We consider the problem of evaluating a generative model gy, that generates outputs by mapping
noise Z ~ N(0, I) to data outputs (e.g. images) a = gg(Z). In standard practice, these outputs are
passed through a pre-trained feature extraction model 1/, to obtain embeddings. For an Inception-v3
model (Szegedy et al., 2016), these embeddings typically reside in dimension d = 2, 048.

The performance of the model is measured by the statistical distance between the distribution of
generated embeddings, X = .,,(g9(Z)) ~ py, and the distribution of real dataset embeddings,
Y = 4y (D) ~ paata- In practice, this distance is estimated using finite samples of size n, denoted
as the empirical distributions p,, ¢ and Py, qqtq (see Appendix A). Any measure of statistical distance
between these distributions can be used, and we consider in this work several inception distances,
defined as follows for any distance or divergence A between distributions (see, e.g. Cover, 1999).

Definition 2.1 (General - Inception distance). Let X = 1,,(g9(Z)) ~ pg, Y = 1y (D) ~ Dgasa. For
a distribution distance function A, the performance of the model gy is given by AID(pg, Daara)- With
a sample of size n, its empirical estimate is the plug-in value AID (P9, Pn, data)-
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Figure 2: General pipeline for evaluating generative model sampling distance to a dataset.

2.1 Existing method: Fréchet Inception Distance - FID

FID is the most widely adopted instance of an inception distance. It measures the distance between
two distributions based on their first two moments: the mean (u) and covariance (¥), using the
squared 2-Wasserstein distance W3 (see Appendix A.2)

Definition 2.2 (Fréchet Inception Distance - FID). Let X = ¢,,(g9(Z)) ~ pg and Y = 1,,(D) ~
Pdata aNd 1x , X x and vy , Xy be the means and covariances of pg and pgatq, respectively. The FID
is defined as the squared 2-Wasserstein distance between two fitted Gaussians:

FID(p97pdaza) = ||,LLX - ,UY”2 + tI‘(EX + Xy — 2(ZYEX)1/2) )

In practice, this is computed using empirical sample means and covariances i, and 3,,.

This approach was originally motivated as a way to bypass the high computational and statistical
complexity of a direct, sample-based Wasserstein distance by using a Gaussian approximation.

Drawbacks Despite its widespread use and role as de facto standard metric, there are several
drawbacks in using this distance, as noted in several works (see, e.g. Karras et al., 2017; Stein et al.,
2023; Jayasumana et al., 2024; Bischoff et al., 2024; Yang et al., 2026)

- Computing this distance is based on the estimate ¥,, of a d-by-d covariance. It is rank-deficient
for n < d, creating numerical and statistical issues when estimating the second term, unless the
sample size is at least of order d, which is 2048 for inception networks. For images, this means
that the sample sizes usually used are 10k or 50k (Binkowski et al., 2018; Chong and Forsyth,
2020), with a high impact on evaluation time and cost.

- FID is also not a proper distance (Jayasumana et al., 2024): two distributions can have the same
mean and covariance and be very different (see, for example, Billingsley, 2017, Section 30). We
show that, as a consequence, it is not robust, and this fact can be leveraged to artificially reduce the
FID without visually altering the images (see Section 4.5).

We also evaluate other inception-based distances proposed as metrics, as means of comparison, such
as the Maximum mean discrepancy (MMD), or Sinkhorn divergence. We provide full definitions and
a discussion in appendix (Section A.3), and include them in comparisons.

3 Proposed method: Monge Inception Distance - MIND

We propose the following metric to overcome these challenges, based on the sliced Wasserstein dis-
tance which has several known advantages, both in terms of statistical and computational complexity.
It is an average of the Wasserstein distances of the distribution of projections, over all unit directions
(see, e.g. Rabin et al., 2011; Nadjahi, 2021, and Appendix A.2 in this work for details).

The sliced Wasserstein distance is a proper distance - it is equal to 0 if and only if both distributions
are equal (Bonnotte, 2013, Proposition 5.1.2). We use this approach for our MIND metric, taking the
average of Wasserstein distances projected along finitely many unit directions for an estimate.

Definition 3.1 (Monge Inception Distance). Let X = 1,,(g9(Z)) ~ po and Y = 1, (D) ~ Pyatar
and U(S) be the uniform distribution on the unit sphere. MIND is given by averaging W3 distances
for projections of the distributions along unit directions, with a multiplicative scaling o = 3d

MIND(p, Paata) = OEoyrri(s) W3 (4T Po, U Pdara)] ,



where uTpg (resp. UT Dgaa) 1S the distribution of uT X when X ~ pg (resp. of uTY when'Y ~ paua)
and d is the data dimension.

For finite samples (X;)jein), (Y;) en), random unit directions (u;);e[ar) and o = 3d, it is given by

M / n
~ ~ (&% N “ o
MIND(pn,97p7L,data = M Z U pn,97 Uzpn,data) = W Z Z |50rt(uiTX)j — sort(uiTY)j|2
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Remarks

data

- MIND relies on two finite sample generated
estimates: the 1D Wasserstein dis-
tance over samples X; and Y} of
size n, and the expectation E, ()
over M random unit directions u;.

- Although we adopt the name of N
Inception Distance for consistency
with established literature, the for-
mulation of MIND does not depend
on the Inception architecture. The

mapping function v, can repre- ] ] ]
sent any feature extractor; conse- Figure 3: Computation of MIND based on the idea of Sliced

quently, MIND serves as a general- Wasserstein, illustrated in 2D with a single projection. (Left)
purpose tool for evaluating distribu- 1Wo samples of synthetic embeddings (orange and blue),
tional similarity across diverse data along with the unit sphere and a random unit direction u.
modalities and embedding models. (Bottom Right) The two histograms of distributions of the
projections along u. (Top Right) The associated cumulative
distribution functions (cdf), the hatched area is related to 1D
Wasserstein distances along u: it is the W; distance, and
used for all convex costs with pairwise sorted distances.

- This 1D formulation allows a more
stable evaluation using an order of
magnitude fewer samples — with n
of order 5k rather than 50k (see Sec-
tions 4.3 and 4.4). Furthermore, because the sliced Wasserstein distance is a proper distance, having
matching means and covariance matrices is not sufficient for MIND to be zero, making it inherently
robust to moment-matching hacking (see Section 4.5).

- Leveraging the exact solution of 1D transport problem (see, e.g. Peyré and Cuturi, 2019, and
Appendix A.2 in this work), the distance simplifies to pair-wise difference between sorted elements:

1 n
W2 pann = ﬁ z_: SOl”t j Sort(y)j|2a

where sort : R” — R" is the function that maps a vector x € R" to its copy sorted in nondecreasing
order, i.e. sort(z) = (T5(1),. .., To(n))T such that 51y < ... < 24, (ties do not make this
function ambiguous). Since the sorting operation runs in O(n logn) time, MIND avoids the need to
estimate or store high-dimensional objects (e.g. d x d matrices for FID, n x n matrices for other
distances). Similarly to FID, we use the square of the distance rather than taking a square root of
the average. We also use a multiplicative scaling factor a—see discussion in Section 4.2.

4 Experiments

4.1 Implementation

As noted above, estimating MIND on two samples of size n is both computationally and conceptually
easy. It requires only trivially parallelizable projections and sorting operations. As such, it is
particularly adapted to modern accelerated-oriented hardware and software. We provide in Figure 4
both a JAX (Bradbury et al., 2018) and PyTorch (Paszke et al., 2019) implementation, in the form
of a short code snippet that can be directly used in an evaluation pipeline. We also provide in
Section 4.7 and 4.8 experimental results showcasing the computation time and memory advantages
of this algorithm compared to other methods.
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def monge_inception_distance ( def momge_inception_distance_torch(
N N X, y, rng_seed, n_projections=100

x, y, rng_seed, n_projections=100 y:
) :

"""MIND metric.

Args:
z: Input gemerated features.
y: Ground truth features.
rng_seed: An integer for the seed of RNG.
n_projections: Number of projections to use.

Returns:
The value of the MIND metric.

s, d = x.shape
ssert num_samples == y.shape [0]

ALPHA = 3 = d

num_samples, d = x.shape generator = torch.Genera tor (device =x.device ) .manua; 1_seed(
assert num_samples == y.shape [0] rng_seed
ALPHA = 3 * d ) ¢

. u_proj = torch.randn
key = jax.random.PRNGKey(rng_seed) a projections . @,
u_proj = jax.random.normal(key, (n_projections, d)) generator=generator ,
u_proj /= jnp.linalg.norm(u_proj, axis=-1, keepdims=True) dtype=x.dtype,

device=x.device
)

x_proj = u_proj @ x.T

= u_proj /= torch.linalg.norm(u_proj, dim=-1, keepdim=True)

y_proj = u_proj @ y.T
dists = jnp.mean (( x_proj = u_proj : x.:

N : y-proj = u_proj y-

jax.lax.top_k(x_proj, num_samples) [0] JPred mupred @ Yi
- jax.lax.top_k(y_proj, num_samples) [0] torch.topk(x_proj, num_samples, dim=-1).values
) ** 2, axis=1) - torch.topk(y_proj, num_samples, dim=-1).values
) *+ 2, dim=1)

return ALPHA * jnp.mean(dists)

return ALPHA * torch.mean(dists)

Figure 4: JAX (a) and PyTorch (b) implementation of MIND.

4.2 Hyperparameter choices

As noted in Definition 3.1, we scale the MIND metric by a multiplicative factor o > 0. This is done so
that the order of magnitude of this metric matches those of FID. This proximity helps to compare
values of MIND to those of FID, and is chosen to favor adoption. Based on an analysis on ImageNet-64,
we have found that taking o = 3 x d ~ 6,000 is a good fit, especially later in a training run (where
d = 2,048 is the dimension of the embedding space) - see Figure 5. We also observe that MIND5
has more range than FID for any sample size, with higher values early in the run (above even those
of FIDsy,), and aligned with FID5q later in the run, and better aligned with the number of steps in
a training run (see Figure 1, right). We also compute MIND and FID score with features of various
dimension. The features are obtained by truncating the Inception-v3 features to the target dimension.
Figure 5 (Right) shows that the MIND remains an affine relation with respect to FID while varying the
dimension of the feature space in the log-log plot—justifying the choice of the scaling factor a o d.
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Figure 5: MINDs; and FID5o; (and other sample sizes) for a model at different steps of training
on ImageNet-64. Left: All MIND metrics are rescaled by a factor o = 6,000 chosen to optimize
proximity with FID, colors indicating the step at which the metric is evaluated. Right: MIND without
scaling factor for various embedding dimension, colors indicating the dimension in which the metric
is evaluated.
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4.3 MIND analysis

We illustrate the behavior of the MIND metric by analyzing its dependency on n (the number of samples
from the distributions) and M (the number of random projections). Fixing a number k& > 0 (varies in
different settings), we evaluate its ability to correctly order & different distributions p!, . .. p* relative
to the true data distribution. Specifically, we calculate the probability of error in correctly ranking
the sequence of distances MIND(DL, P data)s - - - s MIND(PE , Py, data)- This measures the ability of the
metric to distinguish different images from the elements of the dataset. Our observations indicate that
n = 5,000 samples is sufficient to reliably distinguish these distributions (we benchmark this against
other metrics quantitatively in Section 4.4).

We also plot the dependency of the estimated metric on M, the number of uniformly chosen random
projections. This dependency is easier to analyze, since the Monte-Carlo estimate is obtained by
averaging unbiased terms to compute the expected Wasserstein distance. We observe that choosing
M in the range [100, 1000] is sufficient (see Appendix C).

4.4 Metric comparison

Running evaluations during training of a diffu- & FID
sion model, we observe that instead of using 081 _
FID5;, (commonly used post-training because o end D
of the cost and time associated with the high ~de= MIND
sample size), we can use MIND5; (we evaluate
their precisions more quantitatively in the rest of
this section). As visible in Figure 5, these two
metrics are highly correlated, especially later
during training.
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Figure 7: Sample complexity measured by the
probability of error for the correct order at five
different steps of training.



4.4.1 Generated vs. true data

This is done by comparing two distributions pg (for some pre-trained model gg, with parameters
6) with pyara, and estimating A(py, 9, Pn,daa). Our diffusion model utilizes a U-Net backbone (Ron-
neberger et al., 2015; Nichol and Dhariwal, 2021) trained on Imagenet-64. Experiments relying
on real data use a fixed set of 100,000 original Imagenet-64 images. Conversely, for evaluations
involving data generated from models, we generate a dedicated fixed set of 50,000 samples from each
model under evaluation.

We are comparing the values of the metric under two settings, where p,, ¢ is a distribution of n
samples generated from a trained model, and Py, ga and pl, 4., are two independent samples of size
n from the data. The probability of error is defined as:

P(A(ﬁTL,dataaﬁ'lrl7da[a) Z A(ﬁn,dalwﬁnﬂ)) .

This measures the ability of the metric to distinguish generated images from elements of the dataset.
The results are given in Figure 6. We remark that, MIND is able to separate the two distributions
as soon as n > 5,000 (Figure 6 Left column), while FID requires more than 10k samples to do so
(Figure 6 middle column).

4.4.2 Monotonicity

We compare MIND with other metrics using a diffusion model gy trained on the ImageNet-64 dataset
(Deng et al., 2009), from which we selected five models, gg, , .. ., go,, corresponding to five distinct
training checkpoints and generate 50k images with each of them. The probability of error in ranking
these checkpoints correctly is:

1-— P<A(ﬁn,data7ﬁn,01) Z e 2 A(ﬁmdataaﬁn,@k)) .

For several sample sizes n ranging from 10 to 10k, we perform 512 independent trials for each metric.
We observe that MIND, MMD and sliced FID achieves similar performance in this test (Figure 7).

4.4.3 Perturbations

We consider three different types of image perturbations, the severity of perturbation is given by a
parameter €. Each experiment is performed with 512 independent trials. We measure the performance
of each metric using

1-— P(A(ﬁn,datavﬁn,data,al) S e S A(ﬁmdataaﬁn,dam,ek)) .

which is the probability of failing to order all perturbation levels. The results are summarized in
Figure 8. We highlight that, for n > 5, 000, MIND achieves the same level of performance as MMD
while FID is worse on all tasks.

Gaussian blur. We select a perturbation level ¢ € {0.2,0.4,0.6,0.8,1.0}. We apply a Gaussian
filter with standard deviation ¢ to each image in ImageNet-64.

Rectangle. We select a perturbation level ¢ € {0.05,0.1,0.15,0.2}. We randomly place 5 squares
of size 10 x 10 with ¢ opacity in each image of ImageNet-64.

Mixture of datasets. We select a perturbation level e € {1%, 3%, 5%, 7%, 10%}. We draw samples
with proportion of (1 — ) from ImageNet-64 and of ¢ from CelebA (Liu et al., 2015).

4.5 Robustness to metric hacking with moment matching

As mentioned above, one of the weaknesses of FID is that it is not a proper distance. Indeed, since
this metric is only a function of the means and covariances of the considered distributions, if p and
g share the same first and second moments, then FID(p, q) = 0. This is not the case for proper
metrics derving from distances such as MIND. We leverage this fact to create an artificial distribution
of samples that have a desired mean and covariance. This construction is based on the following
property whose proof is in Appendix B.1.
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Figure 8: Sample complexity measured by the probability of detecting a small perturbation.

Proposition 4.1. Let p be a target distribution over R? with mean . and covariance Y., whose
eigendecomposition is

S=USUT =) Nuu] .
i=1

Z(H and vgf) indexed by i € [r], by
= u+ au;, ’Ul(i) = U — Qu;,

Define the 2r vectors v

o

with a« = \/Tr(X). Define 7r£+) = 71'2(7) = \;/(2Tr(X)) and note that the m; are nonnegative and
sum to 1. Let q be the distribution of the v;’s, each with probability T;, given by

q= i 7r2(+)(5ug+) + i Wff)évgf) .

i=1 i=1

It holds that
Eglv] = p, Eg[(v —p)(v — )T =%, FID(q,p)=0.

4.6 Moment matching procedure

This proposition can be leveraged to perform metric hacking with moment matching: For a batch
of n images a” with embedding distribution ¢° we construct @ = a" + ¢ whose embeddings have
distribution ¢ such that the metric A(q, P dara) is much smaller than A(G°, py, gara) (for some data
distribution pg,,) by optimizing the moments of these embeddings, using the target vectors given by
Proposition 4.1 with no visually discernible alteration (see Figure 11 in Appendix C.4).

We do so in the following manner: for n = 2r and a batch a® € R?"*[4ims] of 21 images, each of

shape [dims] (e.g. [512,512,3]), and a target distribution pg., over R, we consider the following
objective, aiming to give each a; an embedding close to the target v;

2r
min  {(a) = min Z [t (as) — vsl|* .
i=1

aER27 % [dims] a€R27 % [dims]

Metric  ratio

We initialize a at a° that is 27 copies of the same image. This

optimization problem is highly parallelizable since the loss is F{*’?D 121 62‘;70
fully separable over each of the a;, and we can use stochastic MFID 4' N (70
based optimization methods to solve it. If the batch a satisfy g o

MMD 122%

¢(a) = 0, then the FID of the distribution of the a; with prob-
abilities m; is also 0, and we show that optimizing this loss
reduces the FID significantly.

In this experiment, we use a full-rank batch, r = 2048, the Table 1: Robustness of several met-
dimension of the latent space. Therefore, the total batch size is  rics under moment matching

MIND 31.1%
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Figure 9: Walltime and peak memory comparison for MIND, MMD, and FID

n = 4096 and we separate the optimization problem. We use in our evaluation M/ = 1000 for MIND
and 50k to compute the reference mean and covariance for the FID. The results summarized in Table
1 show that several of these metrics are highly sensitive to moment matching hacking, with only 10%
or less of the metric remaining for the baseline metrics (and much less for sample-efficient metric
versions of the FID), and that while affected, the MIND metric is much more robust.

4.7 Computation time comparison

We compare the running time of computing the different metrics on TPUv4, given two sets of
embeddings with sample size n. We emphasize that this is only the time to compute the metric, not to
generate the samples, which is roughly linear in n. In Figure 9a, we observe that computing MIND at
its recommended sample size of 5k is more than 2 orders of magnitude faster than computing FID.
This is an additional difference, on top of the time necessary to sample a much larger sample when
using FID.

4.8 Peak memory comparison

We compare the peak memory required to compute the different metrics on a TPUv4, using two sets
of embeddings with sample size n. Note that these measurements reflect only the additional memory
consumed during metric computation which do not include the memory occupied by the input data
itself, the latter results are provided in Appendix C.2. In Figure 9b, we highlight that computing MIND
at its recommended sample size (n = 5k) requires over an order of magnitude less memory than
computing either MMD or FID. (Note that the curves for MMD and MIND collapse across different
input dimensions, resulting in overlapping lines).

Conclusion

In this work, we introduced MIND, a metric for evaluating generative models that addresses statistical
and computational limitations of FID. Our empirical results demonstrate that MIND is faster to
compute and achieves stable evaluations with sample sizes as low as 2k, compared to the 50k
typically required for FID. Furthermore, as a proper distance metric, MIND exhibits better robustness
to moment-matching adversarial attacks than other metrics, while being affected by it. As a purely
statistical metric, MIND measures the distributional distance to a reference dataset (such as the training
data). It is not designed to evaluate other qualitative aspects of the generated images, such as visual
aesthetics or text legibility. We believe this metric provides a rigorous, efficient, and reliable standard
for assessing the quality of modern generative models.
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A Definitions

A.1 Empirical measures

Definition A.1. For a sample Y1, ...,Y, of size n from some data distribution pgu.., we denote by
Dn, data the empirical distribution of the Y;s, defined by

. 1
DPn,data = E Z(SYJ .
J

Similarly, for X1, ..., X,, from pg we denote by p,, ¢ the empirical distribution of the X;s

R 1
Pn,o = ﬁZéXJ .
J

A.2 Optimal transport

Definition A.2. The optimal transport problem for Euclidean cost, also called the 2-Wasserstein
distance is defined for two probability distributions p, q € P2 (R?) with finite second moments as

Wi(p.q) = min Ex[IlX - T(X)] (1
= min E[[|X Y7,
mell(p,q)

The first definition is defined as the Monge formulation (Monge, 1781), and the second one as the
Kantorovitch formulation (Kantorovich, 1942), with the equivalence holding when p, q are absolutely
continuous, or discrete uniform samples of the same finite size.

Note that this distance can be approximated with sample access to p and ¢ by plugging directly these
samples empirical measures p,, of the X; and ¢, of the Y;. However, this approach suffers from two
issues: It suffers from a curse of dimensionality, and the convergence of the estimate W3 (p, Gy
to VV22 (p, q) is slow, in p=1/d (Dudley, 1969), it is slow to compute in general, with a worst case
super cubic cost of n* for the Hungarian algorithm, and methods based on the Sinkhorn algorithm in
n?log(n). The latter is motivated by an entropic-regularized formulation (Cuturi, 2013)

Wi.= min E.[|X —Y|? —eH(n).
’ w€ll(p,q)

An interesting exception is the one-dimensional case: when d = 1, the solution of (1) is given by

n

A 1
W22 (pna Qn) = E Z |S01‘t($)j - SOI‘t(y)j|2

j=1
where sort : R™ — R™ is the function that maps a vector x € R" to its copy sorted in nondecreasing
order sort(z) = (Zy(1), - - -, To(n))T such that z,;) < ... < x4, (ties do not make this function

ambiguous). It can therefore be computed in time of order n log n. This can be leveraged for d > 1
by considering the average Wasserstein distance over uniformly random unit directions. This is called
the sliced Wasserstein distance

Definition A.3. The sliced Wasserstein distance (Rabin et al., 2011; Nadjahi, 2021) is defined as the
average of the Wasserstein distances over 1-d projections along u ~ U(S) a uniformly random unit
direction

SW3(p, q) = Eyaaa(s) W3 (uTp,uTq)]
where uTp (resp. uTq) denotes the distribution of uT X when X ~ p (resp. uTY when'Y ~ q).

The sliced Wasserstein distance is still a distance between distributions. It can also be easily estimated
from samples, given empirical measures p,, and ¢,, and M i.i.d. unit vectors uy, ... ups

M
A 2 A 1 . .
SWQ,M(pna qn) = M Z Wg(uzp’m u;rq’ﬂ)
i=1

M n
1
= n Z Z |sort(u] X); — sort(u]Y);|?,
i=1 j=1

13



One of the advantages of this approach is the relaxed computational load: computing Wasserstein
distances in 1D only requires to sort all the elements in the sample, which can be done in order of
nlogn time, and is highly parallelizable, allowing to perform M of these operations with little to no
overhead, and M projections from dimension d to 1, for n points each time.

In particular, under mild assumptions, the sample complexity of estimating the sliced Wasserstein
distance does not depend on the dimension of the problem (Nadjahi et al., 2020), in contrast to
the standard Wasserstein distance for which the sample complexity grows exponentially with the
dimension.

We finally note that as in Rabin et al. (2011), we consider the average of the squared 1-D Wasserstein
distances, and would do so for other £,,, p # 2 norm costs.

A.3 Metric comparison

Remarks about FID
- The last formula is also found in the literature as the following, both are equal
W3 N (ux, 2x), Ny, By)) = lux — py |12
+r(Sx 4+ Ty — 25y S sy

- In practice, the expectations are obtained based on a finite sample X1, ..., X,, from a generative
model and Y7, ..., Y, from a dataset, and we actually compute the plug-in estimate

FID(ﬁn,%ﬁn,data) = H/lX - ,aYH2
+tr(Ex + By — 25y Ex)Y?).
- This distance is motivated by the Wasserstein distance T/V22 (see, e.g. Villani, 2008, and
Appendix A.2 in this work), obtained by solving an optimal transport problem, with a square

Euclidean distance cost. For FID, this distance is applied to two fitted Gaussian distributions rather
than to the sample distributions p,, g and Py, data-

- Using this method, rather than a sample-based estimate of W3 (P, 9, Pn.data)> 2llows to overcome
the two main obstacles when using the Wasserstein distance between two distributions based on
sample access: statistical and computational complexity. Computing the FID only requires to
estimate the mean and covariance matrices, and to perform a conceptually simple, closed-form
computation.

Definition A.4 (mean FID). Let X = 1y, (90(Z)) ~ pg and Y = 1,(D) ~ Daatar
px =By [X], py =By, [Y]

The mean FID (that we denote by uFID) is defined as
WFID(pg, Paaia) = [l1ex — pv || -

Remarks

- Much like for FID, it is also very easy to estimate the mean FID from a finite sample with the
plug-in empirical measures uFID(Dp g, Pr.daa) = ||fix — fiv ||

- We show in Section 4.4 that the sample complexity of ©FID is much lower than that of FID - this
probably stems from the fact that only a vector of size d must be evaluated rather than a d-by-d
matrix.

- We show in Section 4.5 that it is even less robust than FID.

Definition A.5 (Sliced FID). Let X = 1,,(g9(Z)) ~ po and' Y = 1,(D) ~ Dgara, the sliced FID
(that we denote by o FID) is defined as

0FID(pg, pdata) = Eu~ii(s) [FID(uTpo, T Pdara)] -
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For finite samples (X ;) jemn), (Y;) em) and (ui);e[nr) it can be estimated by

M
- . 1 . .
JFID(pn,97pn,daza) = i E FID(qumu;,rqn)
i=1

M
1 . .
= 17 2 Al finx = uljiny)?
=1
+ (&n,u;.rX - &n,u;.rY)z} .

Remarks
- While very easy to estimate from samples, we also show that it suffers from the same robustness
issues as the FID.

Definition A.6 (Sinkhorn divergence (Genevay et al., 2018)). For two distributions, we denote by
W.(p, q) the value of the entropic-regularized optimal transport problem between p and q (see,
e.g. Peyré and Cuturi, 2019, and Appendix A.2 in this work). Let X = 1,,(g9(Z)) ~ pg and
Y = ¥y(D) ~ Diaw, the Sinkhorn Divergence Inception Distance (SDID) is defined by

1 1
SDID. (paapdata) =W. (p97pdatu) - §WE (pGaPG) - §WE (pdatavpdara) .

Remarks

- For finite samples, the empirical measures Py g,Pndaa can be split in
D1,m,6>D2,n,0, P1,n,datas P2,n,data and the divergence can be estimated by

SDIDE (ﬁn,é ) ﬁn,data) = Wa (ﬁl,nﬂv ﬁl,n,dala)

1

- §WE (ﬁl,n,&aﬁQ,n,@)

1 " .
- 5 We (pl,n,dataa p2,n,data) .

SDID can be computed by computing each entropic regularized optimal transport problem with a
fast GPU-friendly alternate projection method, called Sinkhorn’s algorithm (Cuturi, 2013).

- In practice, to overcome a curse of dimensionality, we have found it better to estimate the correction
term from two independent samples Py ., P2,,,. This concretely doubles the required sample size.
We have found this metric to be much more robust than FID, and to require a smaller sample size,
but of a similar order (ignoring this doubling) - see Section 4.4.

Definition A.7 (Maximum mean discrepancy - MMD (Gretton et al., 2012; Jayasumana et al.,
2024)). Let X = ,(go(Z)) ~ pg and Y = 1hyy(D) ~ Daara, and the kernel function k,(x,y) =
exp(—||z — y||?/o), for o > 0, the MMD is defined as

MMD(p07 pdata) = Epe@pe [k((E, xl)] - 2Ep9®pzlam [k({E, y)}
+ IEPdu/a@pdum [k(y7 y/)] .

Remarks

- Since it is defined as a two-sample mean, the MMD can also be estimated quickly from empirical
distributions py, ¢ and Py, data-

- One of the drawbacks of this metric is the need to select a hyperparameter o > 0.
- Another drawback is the computational aspect, as an n x n kernel matrix must be computed.
- The Sinkhorn divergence and MMD are related: when ¢ — +o00, we have that

1
SDID, — §MMD,HH2
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where the kernel function k is given by the negative squared Euclidean distance (rather than a
Gaussian kernel).

- The use of this metric, with another embedding network, is recommended in (Jayasumana et al.,
2024).

B Proofs

B.1 Proof of Proposition 4.1

Proof. Recall that the target distribution p has mean p and covariance X. We construct the discrete

distribution ¢ using 2r vectors vfﬂ = p+ au; and vl(*) = i — au;, where each vector is assigned

probability m; = \;/(2tr(X)), and o = /tr(X).

1. Mean of ¢ By the definition of expectation for a discrete distribution:
T T
E(j [1}] = Z 7T'ﬂ}§+) + Z 7714111(7)
i=1 i=1
= Z i (p+ au;) + Z mi(p — auy)
i=1 i=1

i=1 i=1
Since 2m; = A;/tr(X) and Y_,_, \; = tr(X), it follows that Y 27; = 1, hence E;[v] = p.

2. Covariance of § The covariance of § is given by E4[(v — p) (v — p)7]:

Covy(v) = > m(@ ™ — )™ — T+ 3w — W@ — )
=1

i=1

= Z i (o) (au;) T + Z mi(—ow;) (—au,;)T
i=1 i=1

T
_ 20T
= g 2matuu,
i=1

Substituting o = tr(X) and 2m; = \;/ tr(X):

Covg(v) = Z ( tr?iz)) tr(3)ugu]

i=1
T

— E T _
i=1

3. FID Value The FID between two distributions is defined as the 2-Wasserstein distance between
their associated Gaussians (Heusel et al., 2017). Consequently, FID is strictly a function of the first
two moments. Since E4[v] = p, and Cov,(v) = X, the means and covariances match exactly:

FID(4,p) = [l11— pll? + tx(E + £ — 2(EX)"/2)
=0+ tr(25 — 2%) = 0.

This concludes the proof. O
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(a) Variance of the MIND with different number of
projections M.

C Additional results

C.1 Effects of number of projections

As shown in Figure 10a, our empirical analysis shows that the variance is not affected at smaller
scales than numerical artifacts for M > 1000. We also show that using M = 100 yields almost the

10| —H— FID - d=2048
—#- d=1024
—@— MMD - d=2048
— & d=1024
—sfe— MIND - d=2048
—vk— d=1024

Peak memory (MiB)

10000 20000 50000

Sample size (n)

2000 5000

(b) Peak memory used for calculating different met-
rics.

same performance, while there is a substantial degradation when using M = 10.

C.2 Peak Memory

The measurements include both memory occupied by the input data and the temporary memory

required for metric computation. As shown in Figure 10b, MIND at its recommended sample size
(n = 5k) requires less memory than MMD and FID.

C.3 Computation resources and experimental details

We run each experiment in Section 4.4 for 2 hours using 4 TPUvbe and each experiment in Section
4.5 for 10 minutes using 4 TPUvbe. The diffusion model used in Section 4.4 is trained with 5M steps

on ImageNet-64, we summarize other details for its training and sampling in Table 2.

Name Value
Condition embedding dimension 512
Noise embedding dimension 512

Optimizer Adam with standard hyperparameters
Learning Rate 1075
EMA decay 0.9999
Hardware 16 TPUv6e
Noise schedule Rectified Flow
Number of sampling steps 250
CFG weight 0.0
Number of base channels 192
Attention Head Dimension 64
Number of downsampling 4
Channels multiplier (1,2,3,4)
Residual blocks per level (3,3,3,3)

Table 2: Hyperparameters for training and sampling from diffusion models.
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Figure 11: Two elements of the batch, all initial images are the same. (Left) Initial image (Center)
Image after optimization (Right) Difference scaled by a factor 100 (to become visible).

C.4 Moment-matching hacking

We illustrate the results of the experiment described in Section 4.5 in Figure 11
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